A two-stage stochastic programming with recourse model for the problem of determining optimal planting plans for a vegetable crop is presented in this paper. Uncertainty caused by factors such as weather on yields is a major in¯uence on many systems arising in horticulture. Traditional linear programming models are generally unsatisfactory in dealing with the uncertainty and produce solutions that are considered to involve an unacceptable level of risk. The ®rst stage of the model relates to ®nding a planting plan which is common to all scenarios and the second stage is concerned with deriving a harvesting schedule for each scenario. Solutions are obtained for a range of risk aversion factors that not only result in greater expected pro®t compared to the corresponding deterministic model, but also are more robust.
Introduction
Linear and integer programming models have, for many years, been successfully developed in many application sectors. This success has been achieved despite the fact that very few decision problems are completely free from uncertainty. Deterministic models with constant parameter values substituted for uncertain coef®cients do not fully model a real-life system but nevertheless may well provide useful answers and insights into the decision areas being investigated. However, there are important areas for which the approach is unsatisfactory. Financial applications in general and portfolio selection in particular are obvious examples and have received widespread coverage among researchers.
1±3
In the presence of uncertainty, many realisations of a given system are generally possible. In such cases, a question arises over the speci®cation of the objective function when a deterministic optimisation model is used to represent a stochastic system. One may wish to optimise the expected value of the objective function. However, the resulting solution may be unstable in the sense that it might perform poorly under some realisations whilst performing well under others. In these cases, it may be desirable to sacri®ce on optimality in order to obtain a robust solution 4 that, although sub-optimal in terms of expected value, has lower risk.
This paper concerns the treatment of uncertainty in optimisation models of agricultural systems. The biological nature of crop production, weather and environmental conditions and changing demand can all have considerable impact on pro®tability for farmers and growers, as growth patterns, yields, demands and prices are all in¯uenced.
Many techniques have been developed for dealing with uncertainty in mathematical programming models. Stochastic Programming with Recourse 5 is a general purpose technique that can deal with uncertainty in any of the model parameters. Mean-Variance models 6,7 and the Focus-Loss model 8 deal with objective function coef®cient uncertainty. The Chance Constrained Programming approach of Charnes and Cooper 9 can be adopted for right-hand-side uncertainty. A range of agricultural applications using these respective techniques include Livestock Decisions, 10 Soil Conservation, 11 Crop Production 8 and Irrigation Systems. 12 In this paper, the problem of determining planting plans for a vegetable crop is considered.
Background
A Brussels sprouts grower typically has a number of contracts with customers to supply an agreed quantity of Brussels sprouts in a given size band in each week of the harvesting season. There are many varieties of Brussels sprouts with attributes such as marketable yield, size, maturity patterns, shape, colour, smoothness and resistance to diseases. Each customer will hold a view as to their own preferred characteristics. For example, for the freezer market, a smaller Brussels sprout is required compared to that for the fresh market.
The planting season extends from April to June, with a harvesting period from September up to following March, as illustrated in Figure 1 . All decisions with regard to land use and the planting of different varieties of Brussels sprouts have to be determined during the planting season with little indication of the actual yields for the forthcoming year in terms of quantities and timings of development.
An example of a yield pro®le for a particular crop is shown in Figure 2 . It shows how one variety planted at a particular time and at a particular spacing is expected to grow over a season. The graph shows the yield in tonnes per hectare in each size band if an area of the crop is harvested in any given week. With early harvesting there is a comparatively large quantity of the smaller size band sprouts but as the weeks progress there is an increase in size and a peak in overall yield occurring in week 10. The cost of harvesting depends on the crop, the harvesting week and the scenario and is assumed to be proportional to the quantity harvested.
Even with known yield pro®les for each crop it may not be possible (or economical) to satisfy contracts with the grower's own yield and it is possible to buy on the open market to make up for any shortfalls. Similarly it is possible to sell yields in excess of that required by customer contracts on the open market. However, if the grower has a shortfall (or surplus), it is likely that other growers will be in the same position and, as a result, the open market price will be relatively high (or low).
A crop is de®ned as a particular variety of Brussels sprouts planted in a given week at a given spacing and the problem is to decide how much of each of a set of possible crops should be planted, where the exact yield pro®le is not known.
The Model
A linear programming model of Brussels sprouts planting and harvesting has previously been developed by Silsoe Research Institute (SRI).
13,14 Although useful, the main disadvantage of the model is that the recommended decisions are judged to be too risky by growers. In other words the effects of uncertainty were not satisfactorily addressed by these earlier models.
The major element of uncertainty that needs to be addressed here is the effect of weather on yields. Extensive historical data is available on weather in terms of daily temperature and precipitation at a number of locations over many years. Although detailed historical data on yields is generally not available, there is considerable knowledge on the relationship between weather conditions and yield. 15, 16 Thus weather data for a given year at a given location can be transformed into a yield scenario taking into account the soil type at that location. In deterministic models, conservative assumptions are typically made when estimating parameters. In this application, a yield pro®le corresponding to the 30th percentile of gross annual yields over past years (i.e. the 7th best year out of 10) was used. In the proposed stochastic programming (SP) model, 31 years of weather data have been used to create 31 yield scenarios.
The 2-stage stochastic linear programming model presented here is an extension of the BRUSPLAN model developed by Hamer.
14 The model determines a harvesting schedule for each scenario and a common planting plan as illustrated in Figure 3 . A risk term is incorporated in the objective function and the balance between expected pro®t and risk is controlled by a user-speci®ed risk aversion coef®cient. 
